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Optimal Feature Selection in High-Dimensional
Discriminant Analysis

Mladen Kolar and Han Liu

Abstract— We consider the high-dimensional discriminant
analysis problem. For this problem, different methods have been
proposed and justified by establishing exact convergence rates for
the classification risk, as well as the £, convergence results to the
discriminative rule. However, sharp theoretical analysis for the
variable selection performance of these procedures have not been
established, even though model interpretation is of fundamental
importance in scientific data analysis. This paper bridges the gap
by providing sharp sufficient conditions for consistent variable
selection using the sparse discriminant analysis. Through careful
analysis, we establish rates of convergence that are significantly
faster than the best known results and admit an optimal scaling
of the sample size n, dimensionality p, and sparsity level s in the
high-dimensional setting. Sufficient conditions are complemented
by the necessary information theoretic limits on the variable
selection problem in the context of high-dimensional discriminant
analysis. Exploiting a numerical equivalence result, our method
also establish the optimal results for the ROAD estimator and
the sparse optimal scoring estimator. Furthermore, we analyze
an exhaustive search procedure, whose performance serves as
a benchmark, and show that it is variable selection consistent
under weaker conditions. Extensive simulations demonstrating
the sharpness of the bounds are also provided.

Index Terms— High-dimensional statistics, discriminant
analysis, variable selection, optimal rates of convergence.

I. INTRODUCTION

E CONSIDER the problem of binary classification
Wwith high-dimensional features. More specifically,
given n data points, {(x;, y;),i = 1,...,n}, sampled from a
joint distribution of (X, Y) € R? x{1, 2}, we want to determine
the class label y for a new data point x € R”.

Let p1(x) and py(x) be the density functions of X given

Y = 1 (class 1) and ¥ = 2 (class 2) respectively, and
the prior probabilities 71 = P(Y = 1), =, = P(Y = 2).
Classical multivariate analysis theory shows that the
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Pattern

Bayes rule classifies a new data point x to class 2 if and

only if
p2(X) T

log +logl — ) > 0.
p1(x) T

The Bayes rule usually serves as an oracle benchmark, since,
in practical data analysis, the class conditional densities
p2(x) and p;(x) are unknown and need to be estimated from
the data.

Throughout the paper, we assume that the class conditional
densities p;(x) and py(x) are Gaussian. That is, we assume
that

((8))

X|Y = 1~N(ui, %)

and X|Y =2 ~ N (i, X). 1.2)

This assumption leads us to linear discriminant analysis (LDA)
and the Bayes rule in (I.1) becomes

_ 2 iféx) >0
g(xﬂ "L17 ’L27 Z) . I 1 OtheI‘WiSC,

where J6(x) = (x — (u1 + [Lz)/Z)/Z_llL + log (72/71) and
p = po — pi. Theoretical properties of the plug-in rule
g(x; L1, w2, X), where ({1, 2, X) are sample estimates of
(1, 2, X), have been well studied when the dimension p is
low [1].

In high-dimensions, the standard plug-in rule works poorly
and may even fail completely. For example, [2] shows that
the classical low dimensional normal-based linear discriminant
analysis is asymptotically equivalent to random guessing when
the dimension p increases at a rate comparable to the sample
size n. To overcome this curse of dimensionality, it is common
to impose certain sparsity assumptions on the model and then
estimate the high-dimensional discriminant rule using plug-in
estimators. The most popular approach is to assume that both
¥ and p are sparse. Under this assumption, [22] proposes
to use a thresholding procedure to estimate ¥ and u and
then plug them into the Bayes rule. In a more extreme
case, [8], [23], [28] assume that ¥ = I and estimate u
using a shrinkage method. Another common approach is to
assume that X! and p are sparse. Under this assumption,
[30] proposes the scout method which estimates £ ! using
a shrunken estimator. Though these plug-in approaches are
simple, they are not appropriate for conducting variable
selection in the discriminant analysis setting. As has been
elaborated in [1] and [11], for variable selection in high-
dimensional discriminant analysis, we need to directly impose
sparsity assumptions on the Bayes discriminant direction
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B = X! instead of separately on X and p. In particular, it
is assumed that 8 = (B.,0") for T = {1, ...,s}. Their key
observation comes from the fact that the Fisher’s discriminant
rule depends on ¥ and g only through the product X~ 'pu.
Furthermore, in the high-dimensional setting, it is scientifically
meaningful that only a small set of variables are relevant
to classification, which is equivalent to the assumption that
B is sparse. On a simple example of tumor classification,
[16] elaborates why it is scientifically more informative to
directly impose sparsity assumption on B instead of on u
(For more details, see Section 2 of their paper). In addition,
[5] points out that the sparsity assumption on B is much
weaker than imposing sparsity assumptions £ ! and u sepa-
rately. A number of authors have also studied classification in
this setting [5], [6], [10], [16], [31], [32].

In this paper, we adopt the assumption that 8 is sparse and
focus on analyzing the SDA (Sparse Discriminant Analysis)
proposed by [16]. This method estimates the discriminant
direction B (More precisely, they estimate a quantity that is
proportional to 8.) and our focus will be on variable selection
consistency, that is, whether this method can recover the set T
with high probability. In a recent work, [15] proves that
the SDA estimator is numerically equivalent to the ROAD
estimator [10] and the sparse optimal scoring estimator [6].
By exploiting this result, our theoretical analysis provides a
unified theoretical justification for all these three methods.

A. Main Results

Letny = |{i : y; = 1}| and np = n—n. The SDA estimator
is obtained by solving the following least squares optimization
problem

. 1 . ! (v. — 2)\2
Jlel]glp mZ(Z[ — V' (x; —X))" + Al|vl|1, 1.3)

i€[n]

where [n] denotes the set {1,...,n}, X = n~! >, x; and the
vector z € R" encodes the class labels as z; = ny/n if y; =1
and z; = —ny/n if y; = 2. Here 1 > 0 is a regularization
parameter.

The SDA estimator in (I.3) uses an {j-norm penalty to
estimate a sparse v and avoid the curse of dimensionality.
[16] studied its variable selection property under a differ-
ent encoding scheme of the response z;. However, as we
show later, different coding schemes do not affect the results
(see Appendix C). When the regularization parameter A is set
to zero, the SDA estimator reduces to the classical Fisher’s
discriminant rule.

The main focus of the paper is to sharply characterize the
variable selection performance of the SDA estimator. From a
theoretical perspective, unlike the high dimensional regression
setting where sharp theoretical results exist for prediction,
estimation, and variable selection consistency, most existing
theories for high-dimensional discriminant analysis are either
on estimation consistency or risk consistency, but not on vari-
able selection consistency (see [5], [10], [22]). [16] provides
a variable selection consistency result for the SDA estimator
in (I.3). However, as we will show later, their obtained
scaling in terms of (n, p,s) is not optimal. Though some
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theoretical analysis of the ¢j-norm penalized M-estimators
exists (see [21], [26]), these techniques are not applicable
to analyze the estimator given in (I.3). In high-dimensional
discriminant analysis the underlying statistical model is dif-
ferent from that of the regression analysis. At a high level, to
establish variable selection consistency of the SDA estimator,
we characterize the Karush-Kuhn-Tucker (KKT) conditions
for the optimization problem in (I.3). Unlike the ¢;-norm
penalized least squares regression, which directly estimates the
regression coefficients, the solution to (I.3) is a quantity that
is only proportional to the Bayes rule’s direction. To analyze
such scaled estimators, we need to resort to different tech-
niques and utilize sophisticated multivariate analysis results
to characterize the sampling distributions of the estimated
quantities. More specifically, we provide sufficient conditions
under which the SDA estimator is variable selection consis-
tent with a significantly improved scaling compared to that
obtained by [16]. In addition, we complement these sufficient
conditions with information theoretic limitations on recovery
of the feature set 7. In particular, we provide lower bounds
on the sample size and the signal level needed to recover the
set of relevant variables by any procedure. We identify the
family of problems for which the estimator (I.3) is variable
selection optimal. To provide more insights into the problem,
we analyze an exhaustive search procedure, which requires
weaker conditions to consistently select relevant variables.
This estimator, however, is not practical and serves only as a
benchmark. The obtained variable selection consistency result
also enables us to establish risk consistency for the SDA
estimator. In addition, [15] shows that the SDA estimator
is numerically equivalent to the ROAD estimator proposed
by [10] and [32] and the sparse optimal scoring estimator
proposed by [6]. Therefore, the results provided in this paper
also apply to those estimators. Some of the main results of
this paper are summarized below.

Let vSPA denote the minimizer of (I.3). We show that if the
sample size

e (maNx m) A Err)slog (p - 5)log),  (14)
ae

where C is a fixed constant which does not scale with n, p
and s, 041 = Oua — ZaTZ;}ZTa, and Apin(X) denotes
the minimum eigenvalue of X, then the estimated vector
VSPA has the same sparsity pattern as the true B, thus
establishing variable selection consistency (or sparsistency)
for the SDA estimator. This is the first result that proves
that consistent variable selection in the discriminant analysis
can be done under a similar theoretical scaling as variable
selection in the regression setting (in terms of n, p and s).
To prove (1.4), we impose conditions that minjer |£;| is not
too small and ||ENTZ;} sign(B7)|lco < 1—a with a € (0, 1),
where N = [p]\T. The latter one is the irrepresentable
condition, which is commonly used in the {j-norm penalized
least squares regression problem [19], [26], [35], [36]. Let
Pmin be the magnitude of the smallest absolute value of the
non-zero component of 8. Our analysis of information theo-
retic limitations reveals that, whenever n < C; ﬁ;lzn log(p — s),
no procedure can reliably recover the set 7. In particular, under
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certain regimes, we establish that the SDA estimator is optimal
for the purpose of variable selection. The analysis of the
exhaustive search decoder reveals a similar result. However,
the exhaustive search decoder does not need the irrepresentable
condition to be satisfied by the covariance matrix. Thorough
numerical simulations are provided to demonstrate the sharp-
ness of our theoretical results.

In a preliminary work, [13] presented some variable selec-
tion consistency results related to the ROAD estimator under
the assumption that ;1 = =, = 1/2. However, it is
hard to directly compare their analysis with that of [16] to
understand why an improved scaling is achievable, since the
ROAD estimator is the solution to a constrained optimization
while the SDA estimator is the solution to an unconstrained
optimization. This paper analyzes the SDA estimator and
is directly comparable with the result of [16]. As we will
discuss later, our analysis attains better scaling due to a more
careful characterization of the sampling distributions of several
scaled statistics. In contrast, the analysis in [16] hinges on
the sup-norm control of the deviation of the sample mean
and covariance to their population quantities, which is not
sufficient to obtain the optimal rate. Using the numerical
equivalence between the SDA and the ROAD estimator, the
theoretical results of this paper also apply on the ROAD
estimator. In addition, we also study an exhaustive search
decoder and information theoretic limits on the variable selec-
tion in high-dimensional discriminant analysis. Furthermore,
we provide discussions on risk consistency and approximate
sparsity, which shed light on future investigations.

The rest of this paper is organized as follows. In the rest of
this section, we introduce some more notation. In §1I, we study
sparsistency of the SDA estimator. An information theoretic
lower bound is given in §III. We characterize the behavior
of the exhaustive search procedure in §IV. Consequences of
our results are discussed in more details in §V. Numerical
simulations that illustrate our theoretical findings are given in
§VI. We conclude the paper with a discussion and some results
on the risk consistency and approximate sparsity in §VIL
Technical results and proofs are deferred to the appendix and
online supplementary document.

B. Notation

We denote [n] to be the set {1,...,n}. Let T C [p] be
an index set, we denote fr to be the subvector containing
the entries of the vector f§ indexed by the set 7, and X7
denotes the submatrix containing the columns of X indexed
by T. Similarly, we denote Arr to be the submatrix of A with
rows and columns indexed by 7. For a vector a € R", we
denote supp(a) = {j : a; # 0} to be the support set. We also
use ||all4, g € [1,00), to be the £,-norm defined as [|a||; =
(Zie[n] la;|9)'/4 with the usual extensions for ¢ € {0, oo},
that is, ||al]lo = [supp(a)| and ||a||oc = max;e[n] |a;|. For a
matrix A € R"*?, we denote [|A|lcc = max;ep] Zje[p] laijl
the £, operator norm. For a symmetric positive definite matrix
A € RP*P we denote Apjn(A) and Amax (A) to be the smallest
and largest eigenvalues, respectively. We also represent the
quadratic form ||a| |i = a’Aa for a symmetric positive definite
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matrix A. We denote I, to be the n xn identity matrix and 1, to
be the n x 1 vector with all components equal to 1. For two
sequences {a,} and {b,}, we use a, = O(b,) to denote that
ap < Cb, for some finite positive constant C. We also denote
an, = O(by) to be by, = ay. If a, = O(by) and b, = O(ay),
we denote it to be a, < b,. The notation a, = o(b,) is used
to denote that a,b; ! — 0.

II. SPARSISTENCY OF THE SDA ESTIMATOR

In this section, we provide sharp sparsistency analysis for
the SDA estimator defined in (I.3). Our analysis decomposes
into two parts: (i) We first analyze the population version of
the SDA estimator in which we assume that ¥, w1, and u,
are known. The solution to the population problem provides
us insights on the variable selection problem and allows us
to write down sufficient conditions for consistent variable
selection. (ii) We then extend the analysis from the population
problem to the sample version of the problem in (I.3). For
this, we need to replace X, p1, and gy by their corresponding
sample estimates 3. 11, and ;tp. The statement of the main
result is provided in §1I-B with an outline of the proof in §1I-C.

A. Population Version Analysis of the SDA Estimator

We first lay out conditions that characterize the solution to
the population version of the SDA optimization problem.

Let X; € R"*? be the matrix with rows containing data
points from the first class and similarly define X, € R"2*?
to be the matrix with rows containing data points from

the second class. We denote H; = I,, — nl_ll,,ll;Zl and
Hy =1,,—n, "1, 1;, to be the centering matrices. We define

the following quantities

Lyi=
~ _ -1 —1x/1
H2 = n, Xi =n,y Aply,,
i:}‘f:2
= Q2 — K,

Si = (m — D7'X{H X,
Sy = (2 — 7' XGHXo,
S = (-2 — DS + (n2 — 1)Sy).

With this notation, observe that the optimization problem
in (I.3) can be rewritten as

.1, nmny ., niny
min -=v S+ —— v— ————vVu+ AlV]|1,
veRP 2 ( n(n—2)’“L n(n —2) k Vil

where we have dropped terms that do not depend on v.
Therefore, we define the population version of the SDA
optimization problem as

1
m“i/n EW/(E+7T17T2[LIL/)W—7T17T2W/IL+/1||W||1, dL1)

Let W be the solution of (II.1). We are aiming to characterize
conditions under which the solution W recovers the sparsity
pattern of 8 = X' u. Recall that T = supp(B) = {1,..., s}
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denotes the true support set and N = [p]\T, under the sparsity
assumption, we have

Br=X;rpr and py =ZnrEpppr.  (112)

We define Buin as
ﬂmin = min |ﬁa|~
acT

The following theorem characterizes the solution to the
population version of the SDA optimization problem in (IL.1).

Theorem 1: Let a € (0,1] be a constant and W be the
solution to the problem in (11.1). Under the assumptions that

IZnT Z77 sign(Br)lloe < 1 —a, (IL3)

14 21187l L

172 in > AlIZ7rsign(Br)lc, (114
E— AT 71 MERPT e

Xrr

we have W = (W7, 0') with

S 1+ AllBrlh
1+ 7172|8713

Xrr

Br — AX ;1 sign(Br). (IL5)

Furthermore, we have sign(wr) = sign(fBr).

Equations (II.3) and (I.4) provide sufficient conditions
under which the solution to (II.1) recovers the true support.
The condition in (II.3) takes the same form as the irrep-
resentable condition commonly used in the ¢;-penalized
least squares regression problem [19], [26], [35], [36].
Equation (I1.4) specifies that the smallest component of Br
should not be too small compared to the regularization para-
meter A. In particular, let 1 = Zo/(1 + ﬂlﬂzllﬂrlléw) for
some Ag. Then (I1.4) suggests that Wy recovers the true support
of B as long as fmin > /10||E;} sign(B7)||c0. Equation (IL.5)
provides an explicit form for the solution W, from which we
see that the SDA optimization procedure estimates a scaled
version of the optimal discriminant direction (when 4 = 0).
Whenever 4 # 0, W is a biased estimator. However, such
estimation bias does not affect the recovery of the support
set T of B when A is small enough.

We present the proof of Theorem 1, as the analysis of
the sample version of the SDA estimator will follow the
same lines. We start with the Karush-Kuhn-Tucker (KKT)
conditions for the optimization problem in (IL.1):

(Z+mmpp)W—mimop+ 1z =10 (11.6)

where Z € 8||W||; is an element of the subdifferential of || -||;.
Let w7 be defined in (I.5). We need to show that there
exists a Z such that the vector W = (W}, 0')’, paired with Z,
satisfies the KKT conditions and sign(wr) = sign(B7). This
is achieved in two steps.
Step 1: Define the following oracle optimization problem

. 1 / /
min —=wr (X717 + w
nin = T (Brr + mimapr ) wr

—mimaWrpr + Awy sign(Br)  (IL7)

and let Wr be the solution to the above optimization problem.
In this step we establish that sign (wy) = sign(B7). This is
obvious under the conditions of Theorem 1 in the population
setting, but will be much more challenging to establish in the
sample version of the problem studied in the next section.
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Step 2: Verify that (W7, 0')" is the solution to the optimiza-
tion problem in (II.1) under the assumptions of Theorem 1.
The following lemma achieves exactly that.

Lemma 1: Under the conditions of Theorem 1, we have that
W = (W}, 0') is the solution to the problem in (IL.1), where
wr is defined as the minimizer of (IL7).

Theorem 1 immediately follows from the two steps above.

The above two steps will be used to prove results about
the sample version of the SDA estimator as well. Note that,
in practice, one cannot form the oracle optimization problem
and hence the two steps only provide a constructive way to
verify variable selection consistency of the SDA estimator.

The next theorem shows that the irrepresentable condition
in (IL.3) is almost necessary for sign consistency, even if the
population quantities ¥ and g are known.

Theorem 2: Let W be the solution to the problem in (I1.1).
If we have sign(wWr) = sign(Br), Then, there must be

N7 Z77 sign(Br)lloo < 1.
The proof of this theorem follows similar argument as in
the regression settings in [17] and [19].

B. Sample Version Analysis of the SDA Estimator

In this section, we analyze the variable selection perfor-
mance of the sample version of the SDA estimator Vv = VSPA
defined in (I.3). In particular, we will establish sufficient
conditions under which V correctly recovers the support set
of B (i.e., we will derive conditions under which v = (v}, 0")’
and sign(vy) = sign(B7)). The proof construction follows
the same line of reasoning as the population version analysis.
However, proving analogous results in the sample version of
the problem is much more challenging and requires careful
analysis of the sampling distribution of the scaled functionals
of Gaussian random vectors.

The following theorem is the main result that characterizes
the variable selection consistency of the SDA estimator.

Theorem 3: We assume that the condition in (11.3) holds.
We denote

Ap = (1v1IBrI,, ).

—1
Choosing A = (1 + mmumu%ﬁ) Ao with

! — )1
Ao = K/lo\/n'lﬂ'z (ma]il(o-aT) Aﬂ 0g ((P S) Og(n))
ae n

where K,, is a sufficiently large constant. Suppose that
,Bmin = MiNgeT Iﬁa| satlsﬁes

o = (i (557 422
\/ Z0lIZ 77 sign(Br)lls )

for a sufficiently large constant Kg. If

(IL8)

. Kmimy (maxaen oq17) s log ((p — ) log(n))
- Amin(zTT)
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for some constant K, then V.= (V;,0") is the solution to the
optimization problem in (1.3), where

1+ 1Bzl

nijnp

n(n—2) 1+ 251873,

~ ninz
T =

B; — iS}lT sign(ﬁ;)

(IL9)

and ET = S;;;’ET, with probability at least 1 — O (log_l(n)).
Furthermore, sign(Vy) = sign(B7).

Theorem 3 is a sample version of Theorem 1 given in the
previous section. Compared to the population version result,
in addition to the irrepresentable condition and a lower bound
on Bmin, we also need the sample size n to be large enough
for the SDA procedure to recover the true support set 7 with
high probability.

At the first sight, the conditions of the theorem look compli-
cated. To highlight the main result, we consider a case where

0 <= Auin(Err) and (118711}, V 171 sign(Br)ll) <

C < oo for some constants ¢, C. In this case, it is suffi-
cient that the sample size scales as n =< slog(p — s) and
Pmin = s~1/2. This scaling is of the same order as for the
Lasso procedure, where n = s log(p —s) is needed for correct
recovery of the relevant variables under the same assumptions
(see [26, Th. 3]). In §V, we provide more detailed explana-
tion of this theorem and complement it with the necessary
conditions given by the information theoretic limits.

Variable selection consistency of the SDA estimator was
studied by [16]. Let C = Var(X) denote the marginal
covariance matrix (note that, in general, C # X). Under
the assumption that |Cx7Cry llos, IC71lloe and [|t]loo are
bounded, [16] shows that the following conditions

2
I
i) lim 8P _

0,
n— 00 n

[s2log(ps
and i) Pmin > %

are sufficient for consistent support recovery of B. This is
suboptimal compared to our results. Inspection of the proof
given in [16] reveals that their result hinges on uniform control
of the elementwise deviation of C from C and o from p.
These uniform deviation controls are too rough to establish
sharp results given in Theorem 3. In our proofs, we use
more sophisticated multivariate analysis tools to control the
deviation of Br from Br, that is, we focus on analyzing
the quantity S}IT';ZT but instead of studying Spr and @7
separately. The condition |||CNTC;1T|||oo < 1, given in [16],
is equivalent to assuming that ||Xy7 Z;}a”oo < 1 for all
a € R® such that ||a||s < 1, since

(I1.10)

CntCrp = Nt 77, (IL11)

as shown in Appendix D. On the other hand, Theorem 3
requires only that || Zy7 E;}a”oo < 1 holds for a = sign(B7).
Therefore, our irrepresentable condition is weaker than the one
in [16].

A semiparametric extension of the SDA estimator, termed
CODA, was studied in [11]. Under the scaling conditions
in (I1.10), the CODA estimator is able to perform correct
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variable selection. As we discussed above, these conditions
are suboptimal compared to our results. Inspection of the
proof in [11] reveals that the analysis of CODA hinges
on the uniform control of the elementwise deviation of the
sample mean and a rank-based covariance estimator from their
population counterparts, which are too crude for establishing
sharp scaling results. Furthermore, the proof technique used to
establish results of Theorem 3 heavily relies on the assumption
that the class conditional distribution of X is a multivariate
Gaussian. This assumption allows us to use results about
the distribution of the inverse of a block of the covariance
matrix established in [4] (see, for example, proofs of Lemma 3
and Lemma 7 in the Appendix). Estimator of the covariance
matrix used in the CODA estimator is based on the non-linear
transformation of the Kendall’s tau matrix for which we do
not have such results. Therefore, improving the results of the
CODA estimator would require a different proof strategy.
The proof of Theorem 3 is outlined in the next subsection.

C. Proof of Sparsistency of the SDA Estimator

The proof of Theorem 3 follows the same strategy as the
proof of Theorem 1. More specifically, we only need to show
that there exists a subdifferential of || - ||; such that the solu-
tion V to the optimization problem in (I1.3) satisfies the sample
version KKT condition (given below in (II.12) and (II.13))
with high probability. For this, we proceed in two steps. In the
first step, we assume that the true support set 7 is known and
solve an oracle optimization problem (given below in (II.14)),
which exploits the knowledge of T. Let V7 be the solution to
the oracle optimization problem. In the second step, we show
that there exists a dual variable from the subdifferential of |- ||
such that the vector (v/, 0')’ satisfies the KKT conditions for
the original optimization problem given in (I.3). This proves
that V.= (v}, 0')’ is a global minimizer of the problem in (I.3).
Finally, we show that V is a unique solution to the optimization
problem in (I.3) with high probability.

Let 7 = supp(¥) be the support of a solution ¥V to the
optimization problem in (I.3) and N =] p]\f. Any solution
to (I.3) needs to satisfy the following Karush-Kuhn-Tucker
(KKT) conditions

niny o~ —~ niny __ . o~
Sir + — 2 ot )V = — 2 G Jsign(V5),
(TT+n(n—2)MT’LT)VT nn—2)"7 sign(7)
(IL.12)
nny . o Y\~ niny __
Si7 + 2 e ) vr - 2 gl <.
H(NT+n(n—2)"N"T)VT n(n—2>“NHoo‘
(IL.13)

We construct a solution V.= (v}, 0')" to (I.3) and show that it
is unique with high probability.

Step 1: We consider the following oracle optimization
problem

Vr = arg min

1 ’ = 2
veRS m i%](zl v (Xz,T Xr))

+v sign(B7). (I1.14)

The optimization problem in (II.14) is related to the one
in (I.3), however, the solution is calculated only over the
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subset 7' and ||vr||; is replaced with v/ sign(B7). Simple
algebra gives

1+ 87 sign(Br) Br — gs;lT sign(Br).

I.15)

_ niny

njna

vr = —
I’l(l’l - 2) 1+ n(n—2) IIﬂT”%TT

Recall that ﬁ; = S}IT';ZT. The solution V7 is unique, since the
matrix Sz is positive definite with probability 1.

The following result establishes that the solution to
the auxiliary oracle optimization problem (II.14) satisfies
sign(vy) = sign(Br) with high probability, under the
conditions of Theorem 3.

Lemma 2: Under the assumption that the conditions of
Theorem 3 are satisfied, sign(Vr) = sign(Br) and sign(ﬁ;) =
sign(Br) with probability at least 1 — O (log’1 (n)).

The proof Lemma 2 relies on a careful characteriza-
tion of the deviation of the following quantities ﬁ/TS}ITﬁT,
ﬁ/TS;lT sign(Br), S;;;’ZT and S;; sign(Br) from their
expected values. Using Lemma 2, we have that vy defined
in (IL.15) satisfies Vi = Vr.

Step 2: The following lemma shows that V.= (v}, 0") is a
solution to (I.3) under the conditions of Theorem 3.

Lemma 3: Assuming that the conditions of Theorem 3 are
satisfied, we have that V.= (V},0") is a solution to (1.3) with
probability at least 1 — O (log_l(n)).

The proof of Theorem 3 will be complete once we show
that V = (v}, 0') is the unique solution. We proceed as in
[26, Proof of Lemma 1]. Let v be another solution to the
optimization problem in (I.3) satisfying the KKT condition

nny o\« nnz ~

(S+ n(n—Z)MM)V n(n—2)M+/1q_0
for some subgradient q € 0||V||;. Given the subgradient q, any
optimal solution needs to satisfy the complementary slackness
condition 'V = [|V|[;, which holds only if §; = 0 for all
Jj such that |g;| < 1. In the proof of Lemma 3, we will
establish that |§j| < 1 for j € N (see (A.3)). Therefore, any
solution to (I.3) has the same sparsity pattern as V. Uniqueness
now follows since V7 is the unique solution of (II.14) when
constrained on the support set 7.

III. LOWER BOUND

Theorem 3 provides sufficient conditions for the SDA
estimator to reliably recover the true set 7' of nonzero elements
of the discriminant direction 8. In this section, we provide
results that are of complementary nature. More specifically,
we provide necessary conditions that must be satisfied for
any procedure to succeed in reliable estimation of the support
set 7. Thus, we focus on the information theoretic limits in
the context of high-dimensional discriminant analysis.

We denote ¥ to be an estimator of the support set 7, that is,
any measurable function that maps the data {X;, y;}ic[s] to a
subset of {1,..., p}. Let 8 = (u1, u2, X) be the problem
parameters and ® be the parameter space. We define the
maximum risk, corresponding to the 0/1 loss, as

R(Y,0) = :ug Py [¥ ({xi, yitiein)) # T(0)]
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where Py denotes the joint distribution of {X;, y;}ic[») under
the assumption that 7; = 7y = %, and T(0) = supp(B)
(recall that 8 = X~ '(uy — p1)). Let M(s, Z) be the class
of all subsets of the set Z of cardinality s. We consider the
parameter space

U

0, 7,s5) =
weM(s,[pl)
with (@1, 2, X) € F, ¢ if
|fal =7 ifacow,

ﬁ:):‘l(m—m)éiﬁazo ifadw

where 7 > 0 determines the signal strength. The minimax risk
is defined as

{0 Z(Ml,”‘z) z) 6]:60,‘[}

ir\}l‘f R(Y,0(X,1,59)).

In what follows we provide a lower bound on the minimax
risk. Before stating the result, we introduce the following three
quantities that will be used to state Theorem 4

Coclose(z)

1
= min min
TeM(s,[p)uelT p —s§

z (Euu + Evv - 22,“)),
velp\T
(I1L.1)

§0far(z)

1
= mn ———
TeM@s.lp) As (")

>

T'e M(s,[pI\T)
and

[log (P~*
Tmin = 2 - Max g(S),
n(”far(z)

The first quantity measures the difficulty of distinguishing two
close support sets 77 and 75 that differ in only one position.
The second quantity measures the effect of a large number of
support sets that are far from the support set 7. The quantity
Tmin 18 a threshold for the signal strength. Our main result on
minimax lower bound is presented in Theorem 4.

Theorem 4: For any t < Tmin, there exists some constant
C > 0, such that

12707 o1, (11.2)

log(p—s+1)
n(ﬁclose(z)

inf sup Py [Y({xi, yi}iegn) #T(0)] = C > 0.
Y gco(z,1,s)

Theorem 4 implies that for any estimating procedure,
whenever T < 1tpin, there exists some distribution para-
metrized by § € O(X,7,s) such that the probability of
incorrectly identifying the set 7 (@) is strictly bounded away
from zero. To better understand the quantities @cjose(X) and
ofar (X), we consider a special case when ¥ = L In this case
both quantities simplify a lot and we have @¢jose(I) = 2 and
@far(I) = 2s. From Theorem 4 and Theorem 3, we see that the
SDA estimator is able to recover the true support set 7 using
the optimal number of samples (up to an absolute constant)
over the parameter space

O (X, Tmin, ) N {0 : |1Br I3, < M)

where M is a fixed constant and Apin(X77) is bounded from
below. This result will be further illustrated by numerical
simulations in §VI.
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IV. EXHAUSTIVE SEARCH DECODER

In this section, we analyze an exhaustive search procedure,
which evaluates every subset T’ of size s and outputs the
one with the best score. Even though the procedure cannot be
implemented in practice, it is a useful benchmark to compare
against and it provides deeper theoretical insights into the
problem.

For any subset 7" C [p], we define

(T = {u@T/T/u cupmp = 1)
1

min = ol -
T/C[P] T |=s [LT/ST/T/ILT/

min
uecRIT'l

The exhaustive search procedure outputs the support set T that
minimizes f(T’) over all subsets T’ of size s,
(1

T =  argmin

T'Clpl : |T'|=s
= argmax
T'Clpl : |T'|=s

~/ -1 ~
[LT/ST/T/ILT/.

Define g(T") = i}, ;,IT/;’ET/. In order to show that the exhaus-
tive search procedure identifies the correct support set 7, we
need to show that with high probability g(T) > g(T’) for any
other set T’ of size 5. The next result gives sufficient conditions
for this to happen. We first introduce some additional notation.
Let Ay =TNT', Ap = T\T' and A3 = T'\T. We define the
following quantities

al(T') = wy, T4 may

ar(T') = IL/Az\Al):XZIAﬂAII’vAzIAl»

a3(T') = IL/A3|A1 2X31A3\A1ﬂA3\A1»
where paja, = Ry — Zaa Zyly may and Tayapa, =
YAy — ZAZAIZXIIAIZAZAI' The quantities pay4, and
X A543, are defined similarly.

Theorem 5: Assuming that for all T' C [p] with |T'| = s
and T' # T the following holds

az(T/) — (1 + Ciy/ 1—‘n,p,s,k ) a3(T/)
> ch(1 Vv ar(T')) ax(T) T p.s ik
=+ C3 (1 Vv a1(T/)) 1—‘n,p,s,ka

Iv.1)

where |T' N T| =k, Ty psk = n! log((f:,i) (i)slog(n))
and Ci1,Ca, C3 are constants independent of the problem
parameters, we have P[T # T = O(log~ ! (n)).

The condition in (IV.1) allows the exhaustive search decoder
to distinguish between the sets T and T’ with high probability.
Note that the Mahalanobis distance decomposes as g(7) =
ﬁCL\ISX}AlﬁAI ‘*‘ﬁ/AﬂAlSZzlAﬂAlﬁAzlAl where fay 4, = A, —
Sar41Sx 4, A and Say a5, = Saray — Sara, 874, 4,4y
and similarly g(T") = '[Z/AISXIIAIIZAI +ﬁ/Ag|Als:131A3\A1 Has|A, -
Therefore g(T) > g(T') if WAZ\A]SX;AZ\AlﬁAz\AI > [L':MAI
SZ; AslA; PAs|a;- With infinite amount of data, it would be
sufficient that a>(T’) > a3(T’). However, in the finite-
sample setting, condition (IV.1) ensures that the separation
is big enough. If X7 and Xy are independent, then the
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expression (IV.1) can be simplified by dropping the second
term on the left hand side.

Compared to the result of Theorem 3, the exhaustive search
procedure does not require the covariance matrix to satisfy the
irrepresentable condition given in (II.3). The SDA estimator
defined in (I.3) uses the £ penalty to find a sparse V. In place
of the £1 penalty one could use the SCAD [9] or the MCP
penalty [33]. These nonconvex penalties interpolate between
the €1 and £y penalties [18] and do not require as strong
assumptions on the covariance matrix X as the ¢; penalty.
However, finding the global solution of a resulting noncon-
vex objective is challenging. In the regression setting, these
penalties allow one to establish variable selection consistency
result without the need of irrepresentable condition. However,
most of these results are only shown for the global minimizer
(see [34] for a recent overview) and it is not clear how
this global minimizer can be obtained using polynomial-time
algorithm. Alternatively, one can study a particular algorithm
and the local solution obtained by this algorithm, however, the
analysis of these algorithm crucially depend on the correctness
of the underlying regression model (see [27], [29]). Such a
regression setting is fundamentally different from the discrim-
inant analysis model we are studying in this paper. The study
of nonconvex penalty on SDA estimator is beyond the scope
of this paper.

V. IMPLICATIONS OF OUR RESULTS

In this section, we give some implications of our results.
We start with the case when the covariance matrix ¥ = L.
The same implications hold for other covariance matrices that
satisfy Apin(X) > C > 0 for some constant C independent of
(n, p, s). We first illustrate a regime where the SDA estimator
is optimal for the problem of identifying the relevant variables.
This is done by comparing the results in Theorem 3 to those
of Theorem 4. Next, we point out a regime where there
exists a gap between the sufficient and necessary conditions
of Theorem 4 for both the exhaustive search decoder and
the SDA estimator. Throughout the section, we assume that
s = o(min(n, p)).

When ¥ =1, we have that 87 = pr. Let u = minger |uql-

If
0 < [log(p — s),
n

then no procedure can reliably recover the support, according
to Theorem 4. We will compare this bound with sufficient
conditions given in Theorems 3 and 5.

First, we assume that ||[,LT||% = C for some constant C.
If n 2 slog(p — s), then 4 2 log(%s) is sufficient
for the SDA estimator to consistently recover the relevant
variables, using Theorem 3. Therefore, in this regime, the
sufficient conditions for the SDA estimator to reliably recover
the support match the necessary condition.

Next, we investigate the condition in (IV.1), which is
sufficient for the exhaustive search procedure to identify the
set T. Let T’ C [p] be a subset of size s. Then, using the
notation of Section IV,

ai(T") = llpa, 113, a2(T") = |l a, 113, and a3(T") = 0.
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Now, if [T’"NT|=s—1 and T’ does not contain the smallest

component of pr, (IV.1) simplifies to u 2> ,/log(%s), since

llka, I3 < llrrll} = C. This shows that both the SDA
estimator and the exhaustive search procedure can reliably
detect signals at the information theoretic limit in the case
when the norm of the vector g7 is bounded and u > s~1/2.
However, when the norm of the vector w7 is not bounded
by a constant, for example, 1 = C’ for some constant C’,
Theorem 4 gives that at least n 2 log(p — s) data points are
needed, while n 2 s log(p—s) is sufficient for correct recovery
of the support set 7. This situation is analogous to the known
bounds on the support recovery in the sparse linear regression
setting [25].

Next, we show that the largest eigenvalue of a covariance
matrix ¥ can diverge, without affecting the sample size
required for successful recovery of the support set 7. Let
T=>01-y)I,+ ylpl;) for y € [0, 1). We have Apax(X) =
1 + (p — 1)y, which diverges to infinity for any fixed y
as p — oo. Let T = [s] and set fr = pSlr. This gives
pr = P+ y(s — )17 and uy = yPsly. A simple
application of the matrix inversion formula gives

4 1
IT=p)A+yG—1)
A lower bound on S is obtained from Theorem 4 as

B > 1/%@. This follows from a simple calcula-

tion that establishes ¢ciose(X) = 2(1 — y) and ¢pe(X) =
2s(1 —y) + (25)%y.

Sufficient conditions for the SDA estimator follow from
Theorem 3. A straightforward calculation shows that

(I =y)A+ys)

I+y(s—1)
Amin(Z) = 1 — y,I

and || 277 sign(Br)||so

To=0-y)— 1.

Oa|T =

>

I+ys—1)

This gives that B > K k(’f(_%fl) (for K large enough)

is sufficient for recovering the set 7, assuming that
||ﬁT||§:TT = O(1). This matches the lower bound, showing
that the maximum eigenvalue of the covariance matrix X does
not play a role in characterizing the behavior of the SDA
estimator.

VI. SIMULATION RESULTS

In this section, we conduct several simulations to illus-
trate the finite-sample performance of our results. Theorem 3
describes the sample size needed for the SDA estimator to
recover the set of relevant variables. We consider the following
three scalings for the size of the set T

1) fractional power sparsity, where s = [2p%*+]

2) sublinear sparsity, where s = [0.4p/log(0.4p)], and
3) linear sparsity, where s = [0.4p].

For all three scaling regimes, we set the sample size as
n = Oslog(p)

where 6 is a control parameter that is varied. We investigate
how well can the SDA estimator recovers the true support
set T as the control parameter 8 varies.
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We set P[Y = 1] =P[Y =2] = 1, X|Y =1 ~ N(g, X)
and without loss of generality X|Y = 2 ~ N(0,X).
We specify the vector g by choosing the set T of size
|T| = s randomly, and for each a € T setting y, equal to +1
or —1 with equal probability, and u, = 0 for all components
a ¢ T. We specify the covariance matrix X as

_ Xrr 0
= (%))

so that B = X~ 'u = (B}, 0'). We consider three cases for
the block component Xr7:
1) identity matrix, where X771 = I,
2) Toeplitz matrix, where X717 =
Tap = pl¢7b with p = 0.1, and
3) equal correlation matrix, where X,, = p when a # b
and o, = 1.

[Eab]a,beT and

Finally, we set the penalty parameter 1 = Agpa as

Jspa = 0.3 x (1+11Brllx,, /4) "
lo -5
x/(l v ||/3T||§TT)%

for all cases. We also tried several different constants and
found that our main results on high dimensional scalings are
insensitive to the choice of this constant. For this choice of 4,
Theorem 3 predicts that the set 7 will be recovered correctly.
For each setting, we report the Hamming distance between the
estimated set 7 and the true set T,

W(T,T) = |(T\T) U (T\T)|,

averaged over 200 independent simulation runs.

Figure 1 plots the Hamming distance against the control
parameter 6, or the rescaled number of samples. Here
the Hamming distance between T and T is calculated by
averaging 200 independent simulation runs. There are
three subfigures corresponding to different sparsity regimes
(fractional power, sublinear and linear sparsity), each of
them containing three curves for different problem sizes
p € {100, 200, 300}. Vertical line indicates a threshold para-
meter € at which the set T is correctly recovered. If the
parameter is smaller than the threshold value, the recovery is
poor. Figure 2 and Figure 3 show results for two other cases,
with 77 being a Toeplitz matrix with parameter p = 0.1
and the equal correlation matrix with p = 0.1. To illustrate
the effect of correlation, we set p = 100 and generate the
equal correlation matrices with p € {0,0.1,0.3,0.5,0.7, 0.9}.
Results are given in Figure 4.

VII. DISCUSSION

In this paper, we address the problem of variable selection in
high-dimensional discriminant analysis problem. The problem
of reliable variable selection is important in many scientific
areas where simple models are needed to provide insights
into complex systems. Existing research has focused primarily
on establishing results for prediction consistency, ignoring
feature selection. We bridge this gap, by analyzing the variable
selection performance of the SDA estimator and an exhaustive
search decoder. We establish sufficient conditions required for
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(The SDA Estimator) Plots of the rescaled sample size n/(slog(p)) versus the Hamming distance between T and T for identity covariance

matrix ¥ = I, (averaged over 200 simulation runs). Each subfigure shows three curves, corresponding to the problem sizes p € {100,200, 300}.
The first subfigure corresponds to the fractional power sparsity regime, s = 2p0‘45, the second subfigure corresponds to the sublinear sparsity regime
s = 0.4p/log(0.4p), and the third ssubfigure corresponds to the linear sparsity regime s = 0.4p. Vertical lines denote a scaled sample size at which the

support set T is recovered correctly.
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(The SDA Estimator) Plots of the rescaled sample size n/(slog(p)) versus the Hamming distance between T and T for the Toeplitz covariance

matrix 77 with p = 0.1 (averaged over 200 simulation runs). Each subfigure shows three curves, corresponding to the problem sizes p € {100, 200, 300}.

The first subfigure corresponds to the fractional power sparsity regime, s = 2p

045 the second subfigure corresponds to the sublinear sparsity regime

s = 0.4p/log(0.4p), and the third subfiguren corresponds to the linear sparsity regime s = 0.4p. Vertical lines denote a scaled sample size at which the

support set T is recovered correctly.
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(The SDA Estimator) Plots of the rescaled sample size n/(slog(p)) versus the Hamming distance between T and T for equal correlation

matrix 77 with p = 0.1 (averaged over 200 simulation runs). Each subfigure shows three curves, corresponding to the problem sizes p € {100, 200, 300}.

The first subfigure corresponds to the fractional power sparsity regime, s = 2p

045 the second subfigure corresponds to the sublinear sparsity regime

s = 0.4p/log(0.4p), and the third subfigure corresponds to the linear sparsity regime s = 0.4p. Vertical lines denote a scaled sample size at which the

support set T is recovered correctly.

successful recovery of the set of relevant variables for these
procedures. This analysis is complemented by analyzing the
information theoretic limits, which provide necessary condi-
tions for variable selection in discriminant analysis. From these
results, we are able to identify the class of problems for which
the computationally tractable procedures are optimal. In this
section, we discuss some implications and possible extensions
of our results.

A. Theoretical Justification of the ROAD and
Sparse Optimal Scaling Estimators

In a recent work, [15] shows that the SDA estimator
is numerically equivalent to the ROAD estimator proposed
by [10] and [32] and the sparse optimal scoring estimator
proposed by [6]. More specifically, all these three methods
have the same regularization paths up to a constant scaling.
This result allows us to apply the theoretical results in this
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Fig. 4. (The SDA Estimator) Plots of the rescaled sample size n/(s log(p))

versus the Hamming distance between T and T for equal correlation
matrix X771 with p € {0,0.1, 0.3, 0.5, 0.7, 0.9} (averaged over 200 simulation
runs). The ambient dimension is set as p = 100. The first subfigure corre-
sponds to the fractional power sparsity regime, s = 2p0‘45 and the second
subfigure corresponds to the sublinear sparsity regime s = 0.4p/log(0.4p).

paper to simultaneously justify the optimal variable selection
performance of the ROAD and sparse optimal scaling esti-
mators. The focus of [10] was on establishing a bound on
the misclassification error of the ROAD estimator. Our results
provide complimentary insights for the ROAD estimator. From
[2, Th. 2], it follows that the ROAD estimator selects the true
support consistently under a stringent condition on Spin, which
requires (I1.10) to hold. Therefore, our analysis improves the
previous result and shows that the ROAD estimator needs only

Pmin < /1og(p —s)/n to hold in order for the true support

to be consistently identified.

B. Risk Consistency

The results of Theorem 3 can be used to establish risk
consistency of the SDA estimator. Consider the following
classification rule

~on |1 ifgxsV) =1
yx) = 2 otherwise
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where g(x; V) = I [V/(x — (1 + [£2)/2) > 0] with v = VSPA,
Under the assumption that 8 = (B7’,0’), the risk (or the
error rate) of the Bayes rule defined in (I.1) is

Ropt = @ —,/;L/TZT};LT/2), where @ is the cumulative
distribution function of a standard Normal distribution.
We will compare the risk of the SDA estimator against this
Bayes risk.

Recall the setting introduced in §I-A, conditioning on the
data points {X;, yi}ie[m], the conditional error rate is

R@) = 1 3 (—V(Mi — ILi) —Vﬁ/Z)
2.4 VVEV

Let r, = A||Br|l1 and g, = sign(B7) X771 sign(Br). We have
the following result on risk consistency.

Corollary 1: Let V= VA, We assume that the conditions
of Theorem 3 hold with

n =< K(n) (m%& UaT) AL (Br7) x slog ((p — ) log(n)),

where K (n) could potentially scale with n, and ||ﬂT||2):TT >

C > 0. Furthermore, we assume that ry 27250, Then

[1Brllsrr (14 Op ()
A3an
2\/1 + Op (rn \% IIﬂréTT)
First, note that

1Br11/11Br 11577 = 0 (VK G)s/Amin(Er1))

is sufficient for r, — 0 as n — oo. Under the conditions
of Theorem 1, we have that ||Brllg,, /(45¢:) =
O (Km)s/ (Amin(ZT7)9n)) = O (K(n)). Therefore, if
Km = oo and K(m) >  CsliBrli},,/
(Amin(Z77)11B7113) We have

R®) =0 |-

R(W) — (_ IIﬂT;{'ETT (1 + OP (rn)))

and R(W) — Ropt — p 0. If in addition

1811577187111 = 0 (VK5 Amin(Er7)),

then R(W)/Ropt — p 1, using [22, Lemma 1].

The above discussion shows that the conditions of
Theorem 3 are sufficient for establishing risk consistency.
We conjecture that substantially less restrictive conditions are
needed to establish risk consistency results. Exploring such
weaker conditions is beyond the scope of this paper.

C. Approximate Sparsity

Thus far, we were discussing estimation of discriminant
directions that are exactly sparse. However, in many appli-
cations it may be the case that the discriminant direction
B = (Br',By) = T~ 'p is only approximately sparse, that
is, By is not equal to zero, but is small. In this section, we
briefly discuss the issue of variable selection in this context.
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In the approximately sparse setting, since By # 0, a simple
calculation gives

Br =Xrrnr — X7 TN BN (VIL1)

and
N = ENTZ T + (ZNN — XNT Z;}ZTN) Bn. (VIL2)

In what follows, we provide conditions under which the
solution to the population version of the SDA estimator, given
in (II.1), correctly recovers the support of large entries 7. Let
W = (W}, 0)" where Wr is given as

14 A8l

— ;9; — 37k sign(ﬁ;)
1+ mimal1Brllg,, "

Wr = w72

with Br = Z;hur. We will show that W is the solution
to (IL.1).

We again define i, = minger |f4|. Following a similar
argument as the Jroof of Theorem 1, we have that
sign(Wr) = sign (ﬁT) holds if Br satisfies

1+ 211Brlh
1+ mmBrll,,

Prnin > A1 Z77 sign (BT) lloo-
(VIL3)

In the approx1mate sparsity setting, it is reasonable to assume
that ZTTZT N BN is small compared to ﬂT, which would imply
that sign(B7) = sign (ﬂT) using (VIIL.1). Therefore, under
suitable assumptions we have sign(Wr) = sign(Br). Next,
we need conditions under which W is the solution to (IL.1).

Following a similar analysis as in Lemma 1, the optimality
condition

I (EnT + mimapn ) Wr — TN oo < A

14+A11B7 1l
l+mim|IBr I3,

needs to hold. Let 7 = Ay . Using (VIL.2), the

above display becomes
| — AZNnT Zpp sign(Br)
—mmy ():NN - ENTZ;}ZTN) Bnlloo < 4.

Therefore, using the triangle inequality, the following
assumption

mmay - || (ZNN - ENT)S}}ETN) Bnlloo < ad,

in addition to (I1.3) and (VIL.3), is sufficient for W to recover
the set of important variables 7.

The above discussion could be made more precise and
extended to the sample SDA estimator in (I.3), by following
the proof of Theorem 3. This is beyond the scope of the current
paper and will be left as a future investigation.

APPENDIX A
PROOFS OF MAIN RESULTS

In this section, we collect proofs of results given in the main
text. We will use C, C1, Co, ... to denote generic constants
that do not depend on problem parameters. Their values may
change from line to line.
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Let
A =& N Elog™ () N&(log™ (n))
N &(log™' (n)) N Ex(log™ (n)),

where &, is defined in (E.1), £ in Lemma 4, & in Lemma 5,
& in (E2), and & in (E.3). We have that P[A] >
-0 (logf1 (n)).

(A.1)

A. Proofs of Results in Section I1
Proof of Lemma 1: From the KKT conditions given in (II.6),

we have that w = (W}, 0)" is a solution to the problem
in (IL.1) if and only if

(Zrr + mimapr wy) Wr — mimopr + Asign(Wr) =0

| (Enr + mimapn ) Wr — Tz |loo < 2
By construction, Wy satisfy the first equation. Therefore, we
need to show that the second one is also satisfied. Plugging

in the explicit form of W7 into the second equation and
using (II.2), after some algebra we obtain that

|Zn7Zr7 sign(Br)lle < 1

needs to be satisfied. The above display is satisfied with strict
inequality under the assumption in (IL.3). U
Proof of Lemma 2: Throughout the proof, we will work on
the event A defined in (A.1).
Let a € T be such that v, > 0, noting that the case when
vy < 0 can be handled in a similar way. Let

o1 = WySyy sign(Br) — wy X7y sign(Br),
o = eaSTTM'T - eaETTM'T’

9 = €,S;1 sign(Br) — e, X1 sign(Br),
oy = Wy Sriir — 1113, -

niny
and d5 =

n(n —2)

— 7).

Furthermore, let

—~ ninz

1+ 2 Syy sign(Br)
n(n—2) 1+ 2@ S iy

and
_ mim2(1+ AlBrllh)
L+ im0 Brllg,,

For sufficiently large n, on the event 4, together with
Lemma 6, Lemma 10, and Lemma 7, we have that 7 > y
(1 —-o0(1) > y/2 and e S;T sign(Br) = e/ E;T sign(Br)
(1 + o(1)) < e ET} sign(Br) with probability at least

O(log 1(n)) Then

B> Z(ﬁa +o) — —ze;z;} sign(Br)

7T17T2(1 + MBI (Ba — 1621) — 3201277 Slgn(ﬁT)Iloo
2(1+ mimllBrlly,,)
so that sign(v,) = sign(f,) if

miwa(1+ AIBr 1) (Ba — |02]) —

320l1Z 77 sign(Br)llso > 0.
(A.2)
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Lemma 9 gives a bound on ||, for each fixed a € T, as
log(s log(n))
162 < cl\/( 1) (1vIBrlR,,) =

+C2|ﬂaly/w-

Therefore assumption (IL.8), with K sufficiently large, and a
union bound over all a € T 1mphes (A.2).

Lemma 9 gives mgn(ﬂr) = sign(Br) with probability
1 — O(log™ ! (n)). O

Proof of Lemma 3: Throughout the proof, we will work on
the event A4 defined in (A.1). Using Lemma 2, we have that vr
defined in (I1.15) satisfies V7 = V7. Therefore, by construction
of the oracle optimization problem, the vector V = (v}, 0")’
satisfies the condition in (II.12).

Therefore, to show that it is a solution to (I.3), we
need to show that it also satisfies (II.13). To simplify
notation, let

niny
C=S+—=_7u’
+ n(n—2) nu,

_ mm 14 211871

=2 14 1Bl
and
_ mima(1 + AllBrlln)

1+ 12| |Brllg,,

Recall that vy = ?S;;ﬁr — AS;; sign(Br) and (II.13) can

be written as
niny

nn—2)

. . iid
Let U € R=2*P be a matrix with each row u; ~ A(0, X)
such that (n — 2)S = U'U. For a € N, we have

(n —2)Sar = (UrZ;; 374 + Usr) Ur
= 227U Ur + U, , Ur

ICNTVT — Bnlloo < 4.

where U .7 ~ N (0, %aagln,z) is independent of Uy,
and

ﬁa = Earz;-]l-ﬁr + ﬁwT

where 7,7 ~ N( , nlnzaa‘r) is independent of 7.
Therefore,

mny o
Ciar =S _—
aT aT + n(n_z):ua”'T
= 2,7 E7Sr7 + (n —2)7'U, ;U
nin2 o -,
+n(n — Z)ﬂaILTa
CarV1 = 7 Zar Zp T

~ nna PO P
+7 ni—2) (ILTST;ILT) Ha
—4(Zar2rp sign(Br) + — 1By Il - )

+(n — 2)_1Ua.TUTVT

( )

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 2, FEBRUARY 2015

. nm 1~
= + ) ———uWrS,
(y 4 n(n —2) 21T T

ninz

)||/3T||1) DS Sy

_ n(
—)Zar Ty sign(Br) + (0 — 2)7'U, UrVr
yp (A —_ )A
77( 2) RrS7rRT ) Ka-T
- ( _2)||ﬁT||1 Ha-T
n1n2 1~ -1 ..
= n(n ) aTETTILT - /IEaTZTT Slgn(ﬂT)
+(n—2)7'U, ; Urvr
 NIN2 [, ]~ )A
—_— S .
+y n(n—2) (’LT TTMT ) HaT
ninz ~ -~
P - UaTs
y— 2)||ﬁT||1 Ha-T
and finally
~ niny
C e
aTVT n(n — Z)ﬂa
= —1Zur Ty sign(Br) + (n — 2) 71U, 7 Urvy
niny ~ ~
o=y PRSI — 21Brll = 1) fur.

First, we deal with the term

(n—2)~'U, ,Urvr = mU;,TUTS;}ﬁT

Tl,a

A 1
_ EU;,TUTST; sign(Br).

T2,a

and X7, we have that
=2

Conditional on {y;};e[n]

ninj

nn —2)

Ti4 NN(Oa O'a\T ILTSTTILT)

and

niny oy ]~
Eune%\)/( IT1,ql < \/2m (maXO'alT) Vzﬂ/TSTTILT
X\/log ((p — s) log(n))
n—2

with probability at least 1 — log~!(n). On the event A, we
have that

max |Tjq] < (1 +0(1))\/27517T2)’2 (3162;\7; 0a|T) IBr113,,
X\/log ((p — ) log(n))

n

= (1 +o()V2r17m2(1 + lllﬁTlll)KL-

Lo
Since

1Bl < /sl|Brll2
= SIE 2202 Bl

< JsAL GBI,
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and

ZollBr
1+ mmal|Brlly,,
Jo\[sAph B 1Br11E,,

1+ mima|Brllg,,

o (L1815, ) 18115,

= 2
VK 1+mnllrils,,
K;,

=
TN K

AlBrih =

IA

we have that

-1
max IT1al < (1+o0(1)V27172 (Kfol + <7T17T2N/E> ) A
ae
< (a/3)A

by taking both K, and K sufficiently large.

Similarly, conditional on {y;};c[») and X7, we have that
Tro~N (0, ("Tz,a) , where

niny

n(n —2)

Therefore, on the event A,

2
-2

P = our ~— sign(Br)'Sy7 sign(Br).

-1
Eune%\)/( |T2,q] < (1+ 0(1))1\/27[177,’2 (Ianealil(omr) Amm():TT)

y \/ slog ((p — 5) log(n))
n

= +0(1))\/%/1 < (a/3)4

with probability at least 1 —log™!(n) for sufficiently large K.
Next, let

ninz —~
i B 1) B
n(n —2) (VILT TTILT IIﬂT”l MHa-T

T3,a =

Simple algebra shows that
L+ Zl1Brlls

niny =~ Q-

L+ Gy iy TT”’T
and X7, we have that

MBrih—1=—

TSl —

Therefore conditional on {y;}iem
T30 ~ N (0,07,,) where

Oa|T

on :( niny 1+ Al1Brll: )2 n
C N\ =D 1+ RS Sy ) min
On the event A, this gives
1+ AllBrlh
1+ mim2|1Brl3,,

\/ ( )1og<(p—s>log<n>)
X 2w o raneaﬁaan

n
L+ AlBrlh
1+ mim1Brll3,,

max |T34] < (14 o(1))
aeN

< (1 +o(1)V2

1
x A

K J1V 11B711%,,

< (a/3)A
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with probability at least 1 — log~'(n) when K 20 and K are
chosen sufficiently large.

Piecing all these results together, we have that
niny

n(n —2)

max |CyrVy — gl < 1. (A.3)
aeN

B. Proof of Theorem 4

The theorem will be shown using standard tools described
in [24]. First, in order to provide a lower bound on the
minimax risk, we will construct a finite subset of ® (X, 7, s),
which contains the most difficult instances of the estimation
problem so that estimation over the subset is as difficult as
estimation over the whole family. Let ®; C ©(X, 7, s), be a
set with finite number of elements, so that

inf R(Y, ©(X, 7,s) > inf max Po[¥ ({xi, yi}iemn)) # T(0)].
¥ Y 0O,

To further lower bound the right hand side of the display
above, we will use [24, Th. 2.5]. Suppose that
® ={6,0,...,0)} where T(0,) # T () and

M
> KLy [Py,) < alogM), ac©,1/8) (Ad

a=1
M (| 2
14+ VM log(M) )

Without loss of generality, we will consider 6, = (pg, 0, X).
Denote Py, the joint distributions of {X;, Y;}ie[n]. Under Pga,
we have Po,(Y; = 1) = P (i = 2) = 2,
XilYi =1~ N(O, ¥) and X;|Y; =2 ~ N([La, ¥). Denote
f(x; p, X) the density function of a multivariate Normal
distribution. With this we have

then

ir\{l}f RY,0(8,s) >

dPy,
dPy,
Hzen dPaO[Xi|Yi]P00[Yi]
[1icin) P, [Xi Y1 P, [Y:]
Z 1 f(Xi; o, X)
og T =]
i: yi:2 f(Xls ILa» E)

Eg,no
= =5 (o — pa) =~ Yo — 1ta)

= Z(ﬂ() - ﬂa) 2;(ﬂ() - ﬂa)

K L(Pg,|Pg,) = g, log

= Eg, log

(A.5)

where B, = X~ 'u,. We proceed to construct different finite
collections for which (A.4) holds.

Consider a collection ©; = {fp,601,...,0, s}, with
0, = (g, 0), that contains instances whose supports differ
in only one component. Vectors {[La}g;(s) are constructed indi-
rectly through {ﬂa}g;(s), using the relationship B, = X~ 'u,.
Note that this construction is possible, since X is a full rank
matrix. For every a, all s non-zero elements of the vector 8,
are equal to 7. Let T be the support and u(7T) an element
of the support T for which (III.1) is minimized. Set By so
that supp(Bo) = 7. The remaining p — s parameter vectors
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{ﬂa}g;f are constructed so that the support of S, contains
all s — 1 element in T\u(7) and then one more element
from [p]\T. With this, (A.5) gives

i’lT2
KL(P00|P0a) = T(Zuu + Xy — zzuu)

and (III.1) gives

1 2= nt?
; Z KL(IP00|P9a) = T€0close(z)'
a=1

It follows from the display above that if

\/ 4 log(p —s+1)
T < 5
Pelose(X) n

then (A.4) holds with o = 1/16.

Next, we consider another collection ®, = {6y, 01, ..., 0y},
where M = ("), and the Hamming distance between T (6p)
and T'(6,) is equal to 2s. As before, 6, = (4, 0) and vectors
{ua}g”: o are constructed so that B, = >~ u, with s non-
zero components equal to 7. Let 7 be the support set for
which the minimum in (II[.2) is attained. Set the vector Bo
so that supp(Bo) = T. The remaining vectors {}‘Ia}fl‘/":1 are set
so that their support contains s elements from the set [p]\T.
Now, (A.5) gives

(A.6)

2
nt
KLPoy[Po,) = == 1E100)0700). 70017 0,1
Using (II1.2), if

4 log (")
Ptar (X) n ’
then (A.4) holds with o = 1/16.

Combining (A.6) and (A.7), by taking the larger § between
the two, we obtain the result.

T < (A7)

C. Proof of Theorem 5

For a fixed T, let A(T")= f(T)—f(T")and T ={T' C [p] :
|T'| = s, T’ # T}. Then
Pr(T # T1=Pr[ | J {A(T)) < 0}]
T'eT
< > Pr[A(T) <0].
T'eT

. Partition it = (e, ﬁ:z\)/ , Awhere .;'Il. contains the varia}b.les
in TN T", and mr = (&, w5)'. Similarly, we can partition
the covariance matrix Syr and Sy 7. Then,

g(T) = Wy ST 1 + iy Sy B

where jio)1 = fi2 — S2187, 81 and Sao1 = S22 — $2187,'S12
(see [17, Sec. 3.6.2]). Furthermore, we have that

A(T') = Ry Sy ot — By Sy an-

The two terms are correlated, but we will ignore this
correlation and use the union bound to lower bound the first
term and upper bound the second term. We start with analyzing
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ﬁ’mS;zllliZz“, noting that the result for the second term will
follow in the same way. By [17, Th. 3.4.5], we have that

Sooit ~ Ws—rnr| ((n -2 ' Sp,n—2-1TN T/I)

and independent of (Si2, Si1, ). Therefore Sy|; is indepen-
dent of @1 and [20, Th. 3.2.12] gives us that

~ _1 ~
By Xy 21 2

(I’l—2)~ 1 ~ ~ Xn—1-s-
ﬂ/zuszzuILZH

As in Lemma 4, we can show that
~ _1 ~
’LZHSZZ\Ile\l

log(n~!
e [log(n )§~/ 2k
n R Zop a1
log(5~! NS
11 G [log(n~") > ~/2\1 2_2\11~ .
n By Xy 21

For jiy)1, we have

and

fio = 2 — S8y, i
= o1 + )321)31_11;71 — Szlsl_llill,
where o1 ~ N(po, nl”—nngg“), independent of i, and

Ho)1 = M2 — ):2121_11;/,1. Conditioning on j&1 and S, we have
that

S8y i = o1y, i + Z,
where Z. ~ N(O, (n —2)_1’;2’181*11’;21 222“). Since a1 is
independent of (Si2, S11, #1), we have that
Bojt |1, Sit ~ N (w21, aZp1),
" 4 (n—2)" '@, Sy &1. Then

ninz

where a =

~ —1 ~ ~ 2 -1 —1
Bop X Byt | 1, Sit ~ axpyg (a ﬂ/2|1)322|1ﬂ2|1) .
Therefore, conditioned on (j£1, S11),

~ —1 ~
ILz\lSzzuM\l

1 —1
> (1-¢ [log(n")
n

x ( (M’zuzizhﬂzu + aIT\T/I)

—2\/(2aﬂ/2‘122_21|1ﬂ2|1 + a2|T\T/|) log(”l))
with probability 1 — 2. Similarly,

~ 1 ~
131853, 131

1 —1
14y )

x ( (o =5 +alT\T1)

IA

+ 2\/ (2 Z53h ot +@ITAT ) log(r 1)

+2a 1og(,71))
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with probability 1 — 2#. Finally, Lemma 6 gives that
jal = € (1v 3w ) n

-1
Set gy = ((f:]f) (i)slog(n)) . For any T’ C [p], where
|T'| =s and |T' N T| = k, we have that

I with probability 1 — 2.

~ -1 ~ ~ -1 ~
I‘«/zuszzulLZH - ﬂ§|1s33\1ﬂ3\1
> (1= o()hy Ty 2it — (1 + o)y Z53) 31

- C\/(l v Eilm) ;L/m):;z“luzurnjpjs’k

—c (1v =R ) Tk

The right hand side in the above display is bounded away from
zero with probability

=o(((72)()eem) )

under the assumptions. Therefore,

s—1
PT#T1<> >

Pr[A(T") < 0]

k=0 T’eT : |TNT'|=k
C
< —9
~ log(n)
which completes the proof.
APPENDIX B

PROOF OF RISK CONSISTENCY

In this section, we give a proof of Corollary 1. From
Theorem 3 we have that V.= (¥, 0')" with V7 defined in (IL.9).
Define

nin < -1~ Y~
S vr.
+ (s — 2)ILT TTILT) T

To obtain a bound on the risk, we need to control

omm

5 _n(n—2) (1

—Vi (it — Wi,t) — Vit /2

VP ETTVT
for i € {1, 2}. Define the following quantities

o1 = WySyr sign(Br) — |1Brll, o1 =d1/l1Brlh.
0 = WrSppRr — |1Brl%,,. and 6 = &2 /11Brll%,, -

Under the assumptions, we have that

_ mm(ZTT)HﬂTHZTT
o =0 \/ K (n)s ’

=0 AollBr It
18711,
_of 1Bl \/m
BT %77 Kn)s )
&5 ZOP(\/@V

and

s V loglog(n)
187l n
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The last equation follows from Lemma 6. Note that
52 = O(ry). From Lemma 7, we have that (51 =op(1).
We have

A STy sign(Br) = AllBrlli(1+ Op(©1)) = Op(ra),
since Lemma 7 gives 51 =0,(1), and

-2) PN

nf;nlnz + Ry Srrlr

1+ mma|Brll,,

Therefore
Vr = (14 Op(ra))S7rir — Op(1)A0S7y sign(Br).
With this, we have

Vrlr = (14 Op(ra))(1 4+ Op(&)11B7 13,
—0p()(1+ Op@G1))AollBrlh

= 1Brll3,, |:1 4+ Op (ry) — Op(1 )iollﬂT||1i|

187113,

= 1Br11%,, [1 +Op (r)], (B.1)

where the last line follows from

AllBril < lollﬂTlll/llﬂTllzzTr
Next
(11 — B,7)Syr BT

< IS74 % (1.7 — B, T)||z||s;}/2ﬁr||z
< (1+ Op(Ss/mNAL > Err)vs

x|t — Bi,7llool 1B x4/ 1+ Op(2)

= 11Brllzs O (/Amm(zms toglog(n)/ )

and similarly
(1,7 — 1,7)'Syp sign(Br)
— VGO (\/Amm(zms log log(n)/n)

Combining these two estimates, we have

[V (r1,r — 7))
= 1BrlIxrr (1 — 20/@n/11BrlI517)

<Op (\/Am}n(zw)s loglog(n)/n)

= 11Brl5,, O (J Al (Er7)s log log<n>/n) . (B2

From (B.1) and (B.2), we have that

+ Op(ry)).
(B.3)

v, n ST ”ﬂT”%TT
- (Vr(rir —R17)) — Vil /2= == (1
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Finally, a simple calculation gives,
VrETTVE < Amax (S_l/zers_l/z)
x((1+0p () Ry S71r
+ Op(1)i3 sign(Br)'S;1 sign(Br)
— Op(1) A0ty ST} sign(Br) )

2
= 18rll%,,

- 22,
sli1+o0plr,vev 200, /S
IBrllg,, Vn
22
= 18113, ( 1+ 00 [rs v 22— ). B4
IBrll%,,

Combining the equation (B.3) and (B.4), we have that

—Vi (w1, — 1,7) — Vot /2

[~ ~
VT ZTT vr

BT 571 (1+Op (1))

2 ho ( P24 ) ’
+ rm Vv <
P I,

This completes the proof.

APPENDIX C
ALTERNATIVE ENCODING OF THE CLASS LABELS

The optimization problem in (I.3) uses a particular scheme
to encode class labels in the vector z, though other choices
are possible as well. For example, suppose that we choose
zi=zW if yy = 1 and z; = z® if y; = 2, with z() and
7@ such that n1z() +1,z?® = 0. Let v = ( ,0") (for some
T C [pD be a solution to (I.3) with the alternatlve coding.
The KKT conditions for the vector V are

(€))
niny _ o ~ niz
(Sﬁ + muw}) Vi= SR - 7 sign(Vy)

(C.1)
and
()
niny . _ ~ nizy’ o =
Sy + ————Ual= | Ve — ——ux A (C2
H( NT+n<n—2>“N"T)VT 2| =4 D
Now, choosing 1= ()”/1 we obtain that v Vi, which satisfies

(C.1) and (C.2), is proportlonal to Wy with T=T (compare
(C.1) and (C.2) to (II.12) and (I1.13)). Therefore, the choice
of different coding schemes of the response variable z; does
not effect the result.

APPENDIX D
DERIVATION OF EQ. (II.11)

Let 7 = mym;. Recall that C = Var(X) and C = X +7pup’.
Using the Woodbury matrix identity
—1 —1
7 Trrhr T Err

c-l x5l _ ,
TT TT 1+7?IL/TE;}ILT
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which gives us

_ _ IRTRD Sty TPy S
CNTCT; = (Enr +TRNIT) (ZT; - ”L

14 mLT):TT;LT
= (ZNT + 7 INT Z;}ILTIL/T)

—1 —1
% (E;} _x Trrhr iy Err )

1+, Err iy
This shows the identity (IL.11).

APPENDIX E
TECHNICAL RESULTS

We provide some technical lemmas which are useful
for proving the main results. Without loss of generality,
w1 = mp = 1/2 in model (1.2). Define

gnz{f<n1<3—n}ﬂ{ﬁ<nz<3—n}, (E.1)
4 4 4~ 4

where ni,np, are defined in §I. Observe that
ny ~ Binomial(n, 1/2), which gives P[{n; < n/4}] <

exp(—3n/64) and P[{n; > 3n/4})] < exp(—3n/64)
using standard tail bound for binomial random variable
(see [7, p. 130]). Therefore

P[E,] = 1 —dexp(—3n/64).

The analysis is performed by conditioning on y and, in
particular, we will perform analysis on the event &,. Note that
on &,, 16/9n~1 < n/(n1n2) < 16n~". In our analysis, we do
not strive to obtain the sharpest possible constants.

A. Deviation of the Quadratic Scaling Term

In this section, we collect lemmas that will help us deal
with bounding the deviation of ﬁ’TS;ITﬁT from ;L/TE;} nr.
Lemma 4: Define the event
ILT TTILT

log(n~1
&1 = {1 - | 2
n ILTZ TILT
ﬂ 1+C, [10g(77 1) lLT TTILT
n ILTZTTILT ,

for some constants C1, Cy > 0. Assume that s = o(n), then
P[E1(n)] = 1 — 5 for n sufficiently large.
Proof of Lemma 4: Using [20, Th. 3.2.12]

~, 1~
Wy Zrr it 2

(n—2) STy s
(F.2) gives
n—2 1 _ AySyrkr
nolms gy sl T Ty
and
n—2 1 . Sy iy
e R AT
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with probability at least 1 — #. Since s = o(n), the above from (F.4),

display becomes ns

Sl > |1Brllk,, +

— ~ =1~ —
1 _c, Jles™D _ EpSprkr o [log(nTh) 2n
L 8 " -

S22 18715, )02y 1)

ning
) 5 16s
for n sufficiently large. g > |IBrllz,, + on
Lemma 5: Define the event 5
2Bl
| ) -32 (%4-72” log(n~1)
&) = {ﬂ/rz]_*TILT <IBrllg,, " "
s |1Br3,, logtr™")
-1 1 -1 > 2 -C 2 \/ T
‘e s Viog(n™ \/HﬂTH);TT og(n~") ] > |1Brlls,, 217 "
n n
with probability 1 — 7. O
ﬂ Iﬁ/TzT}ﬁT > ||ﬂT||2):TT Lemma 6: On the event £1(n) N E2(n) the following holds
iy Syt — 118713,
o (s \/IIﬁTII,;TT log(n~1) ] 1 1
2\ : log(n~")\ /s v log(n")
n n sc((nﬂruénv||/sr||>;ﬁ),/ T\ .

Proof of Lemma 6: On the event £(n) N & (n), using

Assume that fin > cn”'/2, then P[E&(n)] = 1 — 29 for Lemma 4 and Lemma 5, we have that

n sufficiently large.

Proof of Lemma 5: Recall that ] o~ T S_ mr
fof IL/TSTIT’LT = L ) ZTT rT
n ZTT KrT
r ~Nur, —ZXr7). S-
niny _ ILT TTILT 5=
= 7): T~ Mr&prlT
Therefore 7T T
’LTSTT’LT ~ R
RN~ o~ 2 (M2 1 ﬁ( Xl — prX /LT)
I"/TZTTILT ~ Xs (TIL/TZTTILT)- [L/TET}[LT = TT rerr
. lo -1
Using (F.3), we have that < IIﬂTII%” n Clllﬂrlli-” / g(;? )
—~/ Z—lA < 2 ns —
HrZrrir = |1Brlls,, + nina s \/log(;y‘l) 18711, log(n™1)
+C ; "
2n
+n n \/( )log(fy—l)
; 2 A lower bound is obtained in the same way. g
n _
+——log(n ")
niny
165 B. Other Results
2
< lIBrllg,, + e Let the event £3(#7) be defined as
s 20Brll &) = \z—lA — ;) ]
+32 (_2 + T Mooyl 3(1) ﬂ TTHT = Z7TRT
n n acls]
1 _1, log(sy~!)
+3210i(77 ) < \/32():”)%T . (B2
< IIBTII%:TT Since Z;Tﬁr is a multivariate normal with mean E;}ur and
1 variance nl” ZT}, we have P[E3(n)] = 1 — 7.
L s \/HﬂTHZTT log(n=") v log(y™") Furthermore define the event 4(n) as
11— ’
n n n

&) = {mr — nr)' E77 sign(Br)|
with probability 1 —#. The second inequality follows since we
are working on the event &,, and the third inequality follows < 32A71 (2rp)
from the fact that S, > cn~ V2. A lower bound follows - min\ =TT

slog(n=")
— ] (E3)
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Since ﬁ/TE;} sign(Br) follows a Normal distribution
with the  mean ;LTZ;T sign(fr) and  variance
n1n2 sign(Br)’ ):TT sign(fr), we have P[E4()] > 1 — 7.

The next result gives a deviation of ;LTSTT sign(B7) from

ILTZTT sign(Br).
Lemma 7: The following inequality

@787} sien(Br) — wy 7} sien(Br)|
< C(\/ on(Err)s (1V11Br15,,) v IIﬁTIh)
[loglog(n)
X -
n

(E4)
holds with probability at least 1 — O(log™! (n)).
Proof: Using the triangle inequality
7} sign(Br) - Wy 27} sign(ﬁﬂ\
‘”‘T 77 8ign(Br) — wrp Xrp Slgn(ﬂT)‘
+ |7 27} sien(8r) — w27 sien(Br)|. (E5)

For the first term, we write

7Sy sign(Br) — iy

=7} sign(Br)|
< sign(Br)'Sy sign(Br)
Ky Sy sign(Br)
sign(Br)'Sy sign(Br)
+ sign(Br)' Sy sign(Br)
| sign(Br) 277 sign(Br) 1‘
mgn(ﬁT)/STT sign(Br)

Wy Egpsign(Br)
sign(Br)' ;7 sign(Br)

X
x |- PrErr S_llén.(ﬂT) . (E.6)
Slgn(ﬂT)/ZTT sign(Br)
Let
(ILTZ;TI/ET ﬁrz;r Sign(ﬂT) )
sign(Br) Ty Rr  sign(Br)Zy; sign(Br)
and
G= (ﬁ/TS;%‘ﬁT 1 mrStr Slgn(ﬂT) )
Sign(ﬂT)/S;TﬁT Slgn(ﬂT)STT sign(Br)
Using [4, Th. 3], we compute the density of 7, = 612(;2—21

conditional on jt7 and obtain that
n—s ( &7 S7r sign(Br)
q \sign(Br)'Sy; sign(Br)
Ry E77 sign(Br) ) _
- 1 | KT ~ th—s,
sign(Br) X7 sign(B7)
G i g L
sign(Br) =7 sign(Br)
[TV Sy e
~ sign(Br)'E77 sign(Br)

where
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Lemma 14 gives
_ mpEgpsign(Br)
sign(Br) Z;; sign(Br)

-S71 sign(Br)
sign(Br)'Sy sign(Br)

Wy Xy log log(n)
sign(Br)'Try sign(Br)

>

with probability at least 1 — log~'(n). Combining with
Lemma 8, Lemma 5, and (E.3), we obtain an upper bound
on the RHS of (E.6) as

@S} sign(Br) — By 274 sign(Br)|

<c (JAm}n(zmsnﬁTn,;TT v ||ﬁT||1)

loglog(n)
« .| 2oV
n

with probability at least 1 — O(log™!(n)).
The second term in (E.5) can be bounded using (E.3) with
n = log~!(n). Therefore, combining with (E.7), we obtain

(E.7)

”’TSTT sign(Br) — M'T T Slgn(ﬁT)}
< c(\/ o (Ern)s (1V 18711, ) v ||ﬁT||1)
[loglog(n)
X R
n

with probability at least 1 — O(log~!(n)), as desired. O

Lemma 8: There exist constants C1, Ca, C3, and C4 such
that each of the following inequalities hold with probability at
least 1 —log™!(n) :

Q-1
e,S; e,

< Cle;E;}ea (l + O(,/ w)), YaeT

(E.8)
/ E_l 1 1
w—lfcz M, YaeT (E.9)
e, S, e, "
. —1
Sl.gn(ﬁT)/ELT Sllgn(ﬂT) B o M, (E.10)
sign(Br)'Syr sign(Br) "
and

sign(Br)'Syy sign(Br)

< Cysign(Br) Er sign(Br) (1 ¥ o(\/@))

(E.11)
Proof: [20, Th. 3.2.12] states that
ez le
(n=2) ==~ gy
€,Srrea

Using Equation (F.2),

n—2 e’):_}ea < 161log(2s log(n))
n—s—1eS, Tea - 3n—s—1)
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with probability 1 — (25 log(n))~!. Rearranging terms in the
display above, we have that

€S7hes < CeBihe, (1 4 0( M))
n
and
< ¢,/ loglslog®)
n

A union bound gives (E.8) and (E.9).
Equations (E.10) and (E.11) are shown similarly. U
Lemma 9: There exist constants C1, Cy > 0 such that the
following inequality

ry—1
e, X e 3
r Q-1
€,Srre,

YVaeT:

¢,SThRT — e;za}ur\
log(s log(n))
< enf(eat), (v o) PECTED

¢ ur ‘ /log(slog(n))

holds with probability at least 1 — (’)(log_l(n)).
Proof: Using the triangle inequality, we have

+C

rQ—1 -~ /5 —1
|eaSTT”“T - eaETT”’T|
ro—1 -~ /5—1~
= eaSTT”’T_eaZTT’LT‘
e X ar —e 27l (E.12)
a 2T T — €T T :
For the first term, we write
/Sflf'\ _ /271"\
€S T — €T IT
rQ—1 -~ /v —1=
/o1 eSrrir e Xt
<€, S;r€ pp Il
€S e, e, X e,
/5 —1
_ e X e, e poym [LT
+eSreq | — — 1] | =L (E.13)
€,Srre, e ZTTea

As in the proof of Lemma E.4, we can show that

n—s e;S;lTiIT eéE;}ﬁT -
L o—1 - 1 | nr ~ tn—m
da eaSTTea

P
e, X e
where
—~ 2;_1 ZTTeae ZTT
— Zrrlefatrr \ pr
T ( TT 3 e, 3 i ZTT”“T
qa = ; - <
e, Xrre, e, X Tea

Lemma 14 and an application of union bound gives
1~
&by
—1
€, X7

ro—1 -~
e, Srrlr
S -1

€S, e,

¢ | BrZrrr log(s log(n)
- e ZT}ea n ’

VaeT,

with probability at least 1 — O(log=!(n)). Combining
Lemma 5, Lemma 8 and Equation (E.2) with # = log™!(n),
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we can bound the right hand side of (E.13) as

¢,Sppiir — €, E |
_ log(s log(n))
< cl\/ (71) 11BrI3,, ———=
aa n

_ log(s log(n))
| [FE )

with probability at least 1 — O(log~!(n)).
The second term in (E.12) is handled by (E.2) with
5 = log~!(n). Combining with (E.14), we obtain

+C (E.14)

¢,SThRr — €, E7hnr|
log(s 1og(n))
1
< C1\/( TT) . (1 alr II);TT) —

_ log(s log(n
E;ET}ILT‘ /log ng )

with probability at least 1 — O(log™!(n)). This completes the
proof. g
Lemma 10: The probability of the event

N {|e;(sT1T

a€ls]

+ Cy

2,1 sign(Br)|

< C(J(z;}»m A Cr7)s \/ 1€, 257 slgn(ﬁT>|)

/log(s log(n)) ]
X e
n

is at least 1 — 2log~'(n) for n sufficiently large.
Proof: Write

le, Sy 1 sign(Br) — €, X} sign(Br)|

1 . —1 .
<e'S-le e;STT sign(B7) e;ZTT sign(B7)
= €771l = - -
‘ ¢,S7rea CAA
ez le e =L sien(Br)
+eSreq | — — 1] | L f . (E.15)
e, S, e, e, X e,

As in the proof of Lemma E.4, we can show that

n—sfel S}IT sign(Br) e;Z;} sign(Br) oy
qa e STlTea A

—1
e, Xrre
where
: / 2—1 _ ET}e“ € TT
sign(Br) ( Z77 — ML ) sign(Br)
qa =
e ZTTea
Therefore,

-1 ..
e, X sign(Br)
-
e, X1

-1 .
e, S, sign(Br) B
-
€,Srre,

<c /Qa log(s log(n))
n

(E.16)

with  probability 1 —  (slog(n)~'. Combining
Lemma 8 and (E.16), we can bound the right hand side
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of Equation (E.15) as

le/,S71 sign(Br) — €, X7 sign(Br)|

1 1
< C ((Srbavn v 1€, 7} sign(Bp)]) x| 02D

(J (Er1)aa Apin (E77)5 V €, Z77 sign(ﬂr)l)

log(s log(n))
x .| =\ o)
n

where the second inequality follows from
da < (377)aa sign(Br)' Tz sign(Br)
< (71)aa Msin(B77)5.

An application of the union bound gives the desired result. [

<cC

[1]
APPENDIX F

TAIL BOUNDS FOR CERTAIN RANDOM VARIABLES

[2]
In this section, we collect useful results on tail bounds of
various random quantities used throughout the paper. We start
by stating a lower and upper bound on the survival function 3
of the standard normal random variable. Let Z ~ N'(0, 1) be
a standard normal random variable. Then for r > 0
1 t ) [4]
— exp(—t-/2
NS p(=17/2)
<P(Z > 1) < ——L exp(—2/2), €1 P
V2rm t
Next, we collect results concerning tail bounds for  [6]
central y? random variables. 7
Lemma 11 [14]: Let X ~ x2. For all x > 0,
P[X —d > 2+/dx +2x] < exp(—x) (8]
P[X —d < —2vdx] < exp(—x).
Lemma 12 [12]: Let X ~ )(5, then [9]
3 1
Plld~'X — 1| = x] < exp(——dx?), x€[0,2). (F2) [
The following result provides a tail bound for non-central
x? random variable with non-centrality parameter v.
Lemma 13 [3]: Let X ~ ){5(\)), then for all x > 0 [11]
P[X > (d 4+ v) +2V(d + 2v)x +2x] <exp(—x) (E3)
12
P[X <(d+v)—2y/(d+2v)x] <exp(—x). (F4) 12l
The following Lemma gives a tail bound for a z-distributed
random variable. [13]
Lemma 14: Let X be a random variable distributed as [14]
X ~ O'dfl/ztd, [15]
where t; denotes a t-distribution with d degrees of freedom.
Then [16]
[524—1 -1
|X| < Cy/o?d=log(dn=1) (7]
with probability at least 1 — .
Proof: Let Y ~ N(0,1) and Z ~ x2 be two independent (18]
random variables. Then X is equal in distribution to
od~ 1%y [19]

NV
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Using (F.1),

lod™'2Y| < od™'/% /log(4n—")

with probability at least 1 — #/2. (F.2) gives

d'x > 1 —,/1—610g(2;7*1)
- 3d

with probability at least 1 — #/2. Therefore, for sufficiently
large d,

IX| < CyJa2d—"log(dn").

REFERENCES

T. W. Anderson, An Introduction to Multivariate Statistical Analysis
(Wiley Series in Probability and Statistics), 3rd ed. Hoboken, NJ, USA:
Wiley, 2003.

P. J. Bickel and E. Levina, “Some theory for Fisher’s linear discriminant
function, ‘naive Bayes’, and some alternatives when there are many more
variables than observations,” Bernoulli, vol. 10, no. 6, pp. 989-1010,
2004.

L. Birgé, “An alternative point of view on Lepski’s method,”
in State of the Art in Probability and Statistics (IMS Lecture
Notes—Monograph Series), vol. 36. Beachwood, OH, USA:
Institute of Mathematical Statistics, 2001, pp. 113-133.

T. Bodnar and Y. Okhrin, “Properties of the singular, inverse and
generalized inverse partitioned Wishart distributions,” J. Multivariate
Anal., vol. 99, no. 10, pp. 2389-2405, 2008.

T. Cai, W. Liu, and X. Luo, “A constrained ¢; minimization approach
to sparse precision matrix estimation,” J. Amer. Statist. Assoc., vol. 106,
no. 494, pp. 594-607, 2011.

L. Clemmensen, T. Hastie, D. Witten, and B. Ersbgll, “Sparse discrim-
inant analysis,” Technometrics, vol. 53, no. 4, pp. 406413, 2011.

L. Devroye, L. Gyorfi, and G. Lugosi, A Probabilistic Theory of Pattern
Recognition (Applications of Mathematics), vol. 31. New York, NY,
USA: Springer-Verlag, 1996.

J. Fan and Y. Fan, “High-dimensional classification using fea-
tures annealed independence rules,” Ann. Statist., vol. 36, no. 6,
pp- 2605-2637, 2008.

J. Fan and R. Li, “Variable selection via nonconcave penalized likelihood
and its oracle properties,” J. Amer. Statist. Assoc., vol. 96, no. 456,
pp- 1348-1360, 2001.

J. Fan, Y. Feng, and X. Tong, “A road to classification in high
dimensional space: The regularized optimal affine discriminant,”
J. Roy. Statist. Soc., Ser. B (Statistical Methodology), vol. 74, no. 4,
pp- 745-771, 2012.

F. Han, T. Zhao, and H. Liu, “CODA: High dimensional copula
discriminant analysis,” J. Mach. Learn. Res., vol. 14, no. 1, pp. 629-671,
2013.

I. M. Johnstone and A. Y. Lu, “On consistency and sparsity for principal
components analysis in high dimensions,” J. Amer. Statist. Assoc.,
vol. 104, no. 486, pp. 682-693, 2009.

M. Kolar and H. Liu, “Feature selection in high-dimensional classifica-
tion,” in Proc. 30th Int. Conf. Mach. Learn., 2013, pp. 329-337.

B. Laurent and P. Massart, “Adaptive estimation of a quadratic functional
by model selection,” Ann. Statist., vol. 28, no. 5, pp. 1302-1338, 2000.
Q. Mai and H. Zou, “A note on the connection and equivalence of three
sparse linear discriminant analysis methods,” Technometrics, vol. 55,
no. 2, pp. 243-246, 2013.

Q. Mai, H. Zou, and M. Yuan, “A direct approach to sparse discriminant
analysis in ultra-high dimensions,” Biometrika, vol. 99, no. 1, pp. 29-42,
2012.

K. V. Mardia, J. T. Kent, and J. M. Bibby, Multivariate Analysis
(Probability and Mathematical Statistics). London, U.K.: Academic,
1979.

R. Mazumder, J. H. Friedman, and T. Hastie, “SparseNet: Coordinate
descent with nonconvex penalties,” J. Amer. Statist. Assoc., vol. 106,
no. 495, pp. 1125-1138, 2011.

N. Meinshausen and P. Biihlmann, “High-dimensional graphs and
variable selection with the Lasso,” Ann. Statist., vol. 34, no. 3,
pp- 1436-1462, 2006.



KOLAR AND LIU: OPTIMAL FEATURE SELECTION IN HIGH-DIMENSIONAL DISCRIMINANT ANALYSIS

[20] R. J. Muirhead, Aspects of Multivariate Statistical Theory (Wiley Series
in Probability and Mathematical Statistics). New York, NY, USA: Wiley,
1982.

[21] S. N. Negahban, P. Ravikumar, M. J. Wainwright, and B. Yu,
“A unified framework for high-dimensional analysis of M-estimators
with decomposable regularizers,” Statist. Sci., vol. 27, no. 4,
pp. 538-557, 2012.

[22] J. Shao, Y. Wang, X. Deng, and S. Wang, “Sparse linear discriminant
analysis by thresholding for high dimensional data,” Ann. Statist.,
vol. 39, no. 2, pp. 1241-1265, 2011.

[23] R. Tibshirani, T. Hastie, B. Narasimhan, and G. Chu, “Class prediction
by nearest shrunken centroids, with applications to DNA microarrays,”
Statist. Sci., vol. 18, no. 1, pp. 104-117, 2003.

[24] A. B. Tsybakov, Introduction to Nonparametric Estimation (Springer
Series in Statistics). New York, NY, USA: Springer-Verlag, 2009.

[25] M. J. Wainwright, “Information-theoretic limits on sparsity recovery
in the high-dimensional and noisy setting,” IEEE Trans. Inf. Theory,
vol. 55, no. 12, pp. 5728-5741, Dec. 2009.

[26] M. J. Wainwright, “Sharp thresholds for high-dimensional and noisy
sparsity recovery using ¢1-constrained quadratic programming (Lasso),”
IEEE Trans. Inf. Theory, vol. 55, no. 5, pp. 2183-2202, May 2009.

[27] L. Wang, Y. Kim, and R. Li, “Calibrating nonconvex penalized
regression in ultra-high dimension,” Ann. Statist., vol. 41, no. 5,
pp. 2505-2536, 2013.

[28] S. Wang and J. Zhu, “Improved centroids estimation for the near-
est shrunken centroid classifier,” Bioinformatics, vol. 23, no. 8§,
pp. 972-979, 2007.

[29] Z. Wang, H. Liu, and T. Zhang, “Optimal computational and statistical
rates of convergence for sparse nonconvex learning problems,” Ann.
Statist., vol. 42, no. 6, pp. 2164-2201, 2014.

[30] D. M. Witten and R. Tibshirani, “Covariance-regularized regression
and classification for high dimensional problems,” J. Roy. Statist. Soc.,
Ser. B (Statistical Methodology), vol. 71, no. 3, pp. 615-636, 2009.

[31] D. M. Witten and R. Tibshirani, “Penalized classification using Fisher’s
linear discriminant,” J. Roy. Statist. Soc., Ser. B (Statistical Methodol-
ogy), vol. 73, no. 5, pp. 753-772, 2011.

[32] M. C. Wu, L. Zhang, Z. Wang, D. C. Christiani, and X. Lin, “Sparse
linear discriminant analysis for simultaneous testing for the significance
of a gene set/pathway and gene selection,” Bioinformatics, vol. 25, no. 9,
pp. 1145-1151, 2009.

1083

[33] C.-H. Zhang, “Nearly unbiased variable selection under minimax con-
cave penalty,” Ann. Statist., vol. 38, no. 2, pp. 894-942, 2010.

[34] C.-H. Zhang and T. Zhang, “A general theory of concave regularization
for high-dimensional sparse estimation problems,” Statist. Sci., vol. 27,
no. 4, pp. 576-593, 2012.

[35] P.Zhao and B. Yu, “On model selection consistency of Lasso,” J. Mach.
Learn. Res., vol. 7, pp. 2541-2563, Nov. 2006.

[36] H. Zou, “The adaptive Lasso and its oracle properties,” J. Amer. Statist.
Assoc., vol. 101, no. 476, pp. 1418-1429, 2006.

Mladen Kolar received a Ph.D. degree in Machine Learning from the School
of Computer Science at Carnegie Mellon University.

He is currently an Assistant Professor of Econometrics and Statistics at
The University of Chicago Booth School of Business. His research interests
include statistical machine learning, high-dimensional statistics, and dynamic
network modeling. His thesis has received honorable mentions in the ACM
SIGKDD Dissertation award.

Han Liu received a joint Ph.D. degree in Machine Learning and Statistics
from the Carnegie Mellon University, Pittsburgh, PA, USA in 2011.

He is currently an Assistant Professor of Statistical Machine Learning in the
Department of Operations Research and Financial Engineering at Princeton
University, Princeton, NJ. He is also an adjunct Professor in the Department
of Biostatistics and Department of Computer Science at Johns Hopkins
University. He built and is serving as the principal investigator of the Statistical
Machine Learning (SMiLe) lab at Princeton University. His research interests
include high dimensional semiparametric inference, statistical optimization,
Big Data inferential analysis.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


